Abstract The bi-potential method has been successfully applied to the modeling of frictional contact problems in static cases. This paper presents an extension of this method for dynamic analysis of impact problems with deformable bodies. A first order algorithm is applied to the numerical integration of the time-discretized equation of motion. Using the Object-Oriented Programming (OOP) techniques in Cþþ and OpenGL graphical support, a finite element code including pre/postprocessor FER/Impact is developed. The numerical results show that, at the present stage of development, this approach is robust and efficient in terms of numerical stability and precision compared with the penalty method.
Introduction
Problems involving contact and friction are the most difficult ones in mechanics and at the same time of crucial and practical significance in many engineering branches. The main mathematical difficulty lies in the severe contact non-linearities because the natural first order constitutive laws of contact and friction phenomena are expressed by non-smooth multivalued forcedisplacement or force-velocity relations. In the past decade, substantial progress has been made in the analysis of contact problems using finite element procedures. A large number of algorithms for the numerical solution to the related finite element equations and inequalities have been presented in the literature. Reviews may be consulted for an extensive list of references [1] [2] [3] . Also see the monographs by Kikuchi and Oden [4] , Zhong [5] and Wriggers [6] . The popular penalty approximation [7] and 'mixed' or 'trial-and-error' methods appear, at first glance, suitable for many applications. But in this kind of method, the contact boundary conditions and friction laws are not satisfied accurately and it is tricky for the users to choose appropriate penalty factors. They may fail for stiff problems because of unpleasant numerical oscillations among contact statuses [8] . The augmented Lagrangian method first appeared to deal with constrained minimization problems. Since friction problems are not minimum problems, the formulation needs to be extended. Alart and Curnier [9] , Simo and Laursen [10] and De Saxce´and Feng [11] have obtained some extensions in mutually independent works. Alart and Curnier applied Newton's method to the saddle-point equations of the augmented Lagrangian. Simo and Laursen developed an augmented Lagrangian formulation and a Uzawa type scheme for frictional contact problems. De Saxce´and Feng proposed a theory called ISM (Implicit Standard Materials) and a bi-potential method, in which another augmented Lagrangian formulation was developed, which is different from that of the first two works. In particular, in the bi-potential method, the frictional contact problem is treated in a reduced system by means of a reliable and efficient predictor-corrector solution algorithm. For the unilateral contact problems with friction, the classic approach is based on two minimum principles or two variational inequalities: the first for unilateral contact and the second for friction. The bipotential method leads to a single displacement variational principle and a unique inequality. In consequence, the unilateral contact and the friction are coupled via a contact bi-potential. The application of the augmented Lagrangian method to the contact laws leads to an equation of projection onto Coulomb's cone, strictly equivalent to the original inequality [12] . For additional comments, also see the interesting discussion by Klarbring et al. [13, 14] .
For dynamic implicit analysis in structural mechanics, the most commonly used integration algorithm is the second order algorithm such as Newmark, Wilson, etc. Armero and Petocz [15] and Laursen and Chawla [16] have considered frictionless dynamic impact under the auspices of a conservative system, and have proposed the means to address the dynamic contact conditions so that they preserve the global conservation properties. Armero and Petocz [15] presume a penalty enforcement of the contact constraint, algorithmically preserving the energy dissipation associated with a new contact event and restoring it to the system upon release. Laursen and Chawla [16] also choose to concede an interpenetration of the contact surfaces in order to establish a Lagrange multiplier solution for each contact time step with energy conservation. In both cases, the contact constraints have been modified in pursuit of the conservation properties, resulting in an incomplete enforcement of what might be considered normal geometric constraints (i.e. impenetrability). Recently, Laursen and Love [17] have proposed an improved implicit integration scheme with a velocity update algorithm to avoid the interpenetration of the contact surfaces. It is well known that in impact problems, the velocity and acceleration are not continuous because of sudden changes in contact conditions (impact, release of contact). So the second order algorithms with regularity constraints may lead to serious errors. To avoid this shortcoming, some first order algorithms have been proposed by Zienkiewicz et al.
[18], Moreau [19] , Jean and Wronski [20, 21] .
The aim of the present paper is to extend the bipotential method for contact modeling in dynamic cases in the field of Non-Smooth Dynamics using the first order algorithm for integration of the equation of motion. The developed algorithm is implemented into the code FER/Impact, using Cþþ with object oriented programming techniques and OpenGL graphical support. Two numerical examples are performed in this study to show the validity of the model developed. The first example concerns the oblique impact of a 2D elastic plate onto a rigid surface with rebounding. The performance of FER/Impact is reported as compared to the general purpose finite element code ANSYS in which the penalty method is used for contact modeling [22, 23] . The second example simulates the impact of an elastic disc between two rigid plates. The frictional effects are clearly shown on the motion behavior of the disc and on the energy dissipation.
2 The bi-potential method
Unilateral contact and Coulomb's friction laws
First of all, some basic definitions and notations are set up. Let X 1 and X 2 be two bodies in contact at a point M for some value of the time (Fig. 1) . The instantaneous velocity of the particles of X 1 and X 2 passing at point M and its projection point M 0 being, respectively, _ u 1 and _ u 2 , where the superposed dot denotes the time derivative. The relative velocity is _ u ¼ _ u 1 À _ u 2 . Let r be the contact reaction acting at M 0 from X 2 onto X 1 . Then X 2 is subjected to the reaction Àr, acting from X 1 . Let n denote the normal unit vector at point M 0 to the bodies, directed towards X 1 , and T(t 1 , t 2 ) denotes the orthogonal plane to n in < 3 . Any element _ u and r may uniquely be decomposed in the form:
r ¼ r t þ r n n; r t 2 T; r n 2 < ð2Þ
Classically, a unilateral contact law is characterized by a geometric condition of non-penetration, a static condition of no-adhesion and a mechanical complementarity condition. These three conditions are the so-called Signorini conditions written in terms of the signed contact distance x n and the normal contact force r n :
x n ! 0; r n ! 0 and r n x n ¼ 0 ð3Þ where x n denotes the magnitude of the gap between the contact node and the target surface and is a violation of the contact compatibility:
with the initial gap:
where x 1 and x 2 denote respectively the coordinates of contact nodes of X 1 and X 2 . In the case of dynamic analysis such as impact problems, the Signorini's condition can be described in terms of velocity in conjunction with the sliding rule. At any time, the potential contact surfaces C a ða ¼ 1; 2Þ can be split into two disjoint parts: C þ a where the bodies are already in contact (g = 0) and C À a where the body are not in contact (g > 0). On C þ a , the unilateral contact conditions turns into u n ! 0; r n ! 0 and r n u n ¼ 0 on C þ a ð6aÞ or in a rate form: _ u n ! 0; r n ! 0 and r n _ u n ¼ 0 on C þ a
Let K l denote Coulomb's cone:
K l is a closed convex set. The complete contact law is a complex non-smooth dissipative law including three 
